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Abstract
It is shown that, Baire generically, the bound states of the Hamiltonian of the Hydrogen
atom have spectral measures with exact 0-lower and 1/3-upper generalized fractal dimensions;
the relation to (a weak form of) dynamical delocalization along orthonormal bases is also
discussed. Such result is a consequence of the distribution of the Hamiltonian eigenvalues.
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1 Introduction
1.1 Contextualization
The Hydrogen atom (H-atom) Hamiltonian, which is given, in suitable units, by
H = −∆−
κ
r
, r = |x|, κ > 0,
and acts in the Hilbert space L2(R3), is an outstanding quantum model that combines simplicity
and physical importance. Surely, H and the harmonic oscillator Schro¨dinger operator are the most
studied and discussed quantum models in the literature, and both models can be exactly solved.
However, the H-atom Hamiltonian describes a more realistic case, and some of its (quantum) energy
transitions were experimentally obtained before the birth of quantum theory and have constituted
a strong support to the eigenvalue theory developed by Schro¨dinger in the 1920s. Spin is not
considered here.
∗Corresponding author. Email: oliveira@dm.ufscar.br
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Notably, from the mathematical viewpoint, the general quantum framework proposed by von
Neumann [24], with the nonobvious concept of unbounded self-adjoint operators, was supported
by Kato’s proof [20] that H , with domain equal to the space of smooth functions with compact
support, has exactly one self-adjoint extension. Kato has actually also considered the Hamiltonians
for other atoms and molecules.
It is well known that H has a point spectrum component, with eigenvalues of the form [25]
λn = −
Λ
n2
, n = 1, 2, 3, · · · ,
with Λ = κ2/4 in the considered units; each λn has multiplicity n
2. Let us denote by |n, l,m〉 the
corresponding orthonormalized eigenfunctions, so that, for each n,
H |n, l,m〉 = λn|n, l,m〉, l = 0, 1, · · · , n− 1, m = −l, · · · , l.
In the position representation, such eigenfunctions correspond to the famous orbitals, and any
element in the closed subspace generated by them (we denote such subspace by H˙; see ahead) is
interpreted as a bound state.
There is also a continuous spectrum filling the interval [0,∞); vectors in the continuous subspace
are called unbound states, and they describe ionized H-atoms. Thus, the dynamics of vectors in
such spaces are expected to be quite different. The main interest here is on the point subspace, H˙,
generated by the eigenvectors {|n, l,m〉}n,l,m of H , and only vectors in this (closed) subspace will
be considered in what follows; the restriction of H to this subspace generated by orbitals will be
denoted by H˙ (recall that H˙ reduces H˙; see Section 9.8 and Theorem 12.1.2 in [10]).
The restricted (self-adjoint) operator H˙ is bounded, its spectrum is {λn}
∞
n=1∪{0}, and given a
general initial bound state condition |ψ〉 =
∑
n,l,m an,l,m |n, l,m〉 in H˙, its action over |ψ〉 is simply
H˙ |ψ〉 = −
∑
n,l,m
Λ
n2
an,l,m |n, l,m〉,
whereas the dynamics of |ψ〉 generated by H˙ is given by the solution
|ψ(t)〉 = e−itH˙ |ψ〉 =
∑
n,l,m
eitΛ/n
2
an,l,m |n, l,m〉
to the Schro¨dinger equation
i
∂v
∂t
= H˙v, v(0) = |ψ〉.
The unitarity of the time evolution implies that
‖|ψ〉‖2 = ‖|ψ(t)〉‖2 = 〈ψ(t)|ψ(t)〉 =
∑
n,l,m
|an,l,m|
2,
for all t ∈ R.
To each state |φ〉, one associates a (unique) positive and finite measure µ|φ〉, the so-called
spectral measure of |φ〉 in the mathematics literature and density of states in the physics literature,
characterized by
〈φ|φ(t)〉 =
∫
R
e−itx dµ|φ〉(x), ∀t ∈ R.
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Explicitly, the spectral measure of a bound state |ψ〉 is given by a sum of Dirac deltas (which are
particular cases of the so-called pure point measures), i.e.,
µ|ψ〉(x) =
∑
n,l,m
|an,l,m|
2 δλn(x) ,
from which one may clearly see its interpretation: for a normalized |ψ〉, µ|ψ〉 is concentrated on the
eigenvalues λn of H˙ whose weights are exactly the probabilities |an,l,m|
2 of the state to be found
in the corresponding eigenfunctions |n, l,m〉 (thus, µ|ψ〉({λn}) =
∑
l,m |an,l,m|
2 is the probability
of the state to be found in an eigenstate corresponding to the energy λn).
Besides the possibility of being a combination of Dirac deltas, for general self-adjoint operators
the spectral measures may be directly related to the Lebesgue measure (a particular case of the
absolutely continuous spectrum, the kind of spectrum for vectors in the unbound states of the
H-atom), or even to singular continuous measures (that do not occur for the H-atom), which
are singular with respect to the Lebesgue measure and do not have atoms, usually related to
fractal spectrum and characterized by nontrivial values of the upper and lower generalized fractal
dimensions D±µ (q), 0 < q 6= 1 (see ahead). Such notions of measure dimensions were introduced in
the physics literature by Grassberger and Procaccia [14, 18] to study invariant measures of strange
attractors in dynamical systems; later on, they were also applied to the study of spectral measures
(see, for instance, [3, 4, 12]).
The dimensions D±µ (q) have other names, such as multifractal dimensions and Hentschel-
Procaccia dimensions. A mathematical discussion of some fractal dimensions of measures may
be found in Cutler’s work [8] (see also the discussion in [21]).
The general belief is that a measure with positive dimension is concentrated (supported) on
a “fractal set”; since the spectral measures of bound states are instances of pure point measures,
concentrated on the eigenvalues of H˙ , and since such measures have no apparent fractal char-
acteristics (for instance, their Hausdorff and packing dimensions are equal to zero; see [4]), it is
usually expected that their dimensions vanish for all values of the parameter q. However, there are
exceptions for some point measures and our main goal in Section 1.2 is to point out that there is
a “big set” of bound states of the H-atom that fits in the exceptions! Namely, in this work, we use
the explicit form of the eigenvalues of the H-atom operator to show that, Baire generally, bound
states have spectral measures with exact 0-lower and 1/3-upper generalized fractal dimension for
all 0 < q < 1 (see Theorem 1.1 for details and precise statements). Note that it is known that for
pure point measures, D±µ (q) = 0 for all q > 1, so values in the range 0 < q < 1 should be the ones
considered in Section 1.2.
1.2 Fractal dimensions and main result
To recall the concept of generalized fractal dimensions of a Borel finite positive measure µ on R, set
B(x; ǫ) = (x− ǫ, x+ ǫ) and consider (the integration is restricted to the sets so that µ(B(x; ǫ)) > 0)
Iµ(q, ǫ) :=
∫
µ(B(x; ǫ))q−1dµ(x),
which takes into account a statistical distribution of µ; for values of q > 1, the main contribution
to Iµ(q, ǫ) comes from sets for which µ charges most, whereas for q < 1, the main contribution is
from the most rarefied sets charged by µ.
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Roughly, the generalized dimension Dµ(q) of the measure µ indicates how Iµ(q, ǫ) polynomial
scales for small ǫ, that is,
Iµ(q, ǫ)
1
q−1 ∼ ǫDµ(q).
The precise definitions of the lower and upper q-generalized fractal dimensions of µ are, respectively,
D−µ (q) := lim inf
ǫ↓0
ln Iµ(q, ǫ)
(q − 1) ln ǫ
, D+µ (q) := lim sup
ǫ↓0
ln Iµ(q, ǫ)
(q − 1) ln ǫ
(note that the limit limǫ↓0
ln Iµ(q, ǫ)
(q − 1) ln ǫ
may not exist).
Suppose that µ has bounded support (that is, there exist −∞ < a ≤ b < +∞ such that if A is
a Borel subset of R \ [a, b], then µ(A) = 0); some basic properties of such dimensions are [3]:
1. The functions q 7→ D±µ (q) are nonincreasing and continuous on (0, 1) ∪ (1,∞).
2. For all q > 0, q 6= 1, one has 0 ≤ D−µ (q) ≤ D
+
µ (q) ≤ 1.
3. For all q > 0, q 6= 1, one has alternative limits for the dimensions:
D−µ (q) = lim inf
ǫ↓0
ln[ǫ−1
∫
R
µ(B(x, ǫ))q dx]
(q − 1) ln ǫ
and D+µ (q) = lim sup
ǫ↓0
ln[ǫ−1
∫
R
µ(B(x, ǫ))q dx]
(q − 1) ln ǫ
.
Note that the spectral measure of any bound state vector |ψ〉 of the H-atom,
µ|ψ〉(·) =
∑
n,l,m
|an,l,m|
2 δλn(·),
has bounded support (since it vanishes outside [−Λ, 0]), so D±µ|ψ〉(q) satisfy the properties listed
above. As mentioned in the Introduction, they are examples of pure point measures, and it is
usually expected that their dimensions D±µ|ψ〉(q) vanish for all values of the parameter q.
We finally present the main result of this work. Recall that a generic set in a complete metric
space is a countable intersection of open and dense sets; this concept constitutes the usual notion of
“typical set” from the topological point of view and it is intimately connected to Baire’s Category
Theorem.
Theorem 1.1. There exists a generic set R of vectors in H˙ so that, for each |ψ〉 ∈ R and each
0 < q < 1,
D−µ|ψ〉(q) = 0 and D
+
µ|ψ〉(q) =
1
3
.
Remark 1.1. It is worth underlying that the positive upper fractal dimensions follow from the
structure of the eigenvalues of the H-atom operator, and we have in fact a more general result.
Namely, given α > 0, it follows from the same arguments presented in the proof of Theorem 1.1
that if T is a bounded self-adjoint operator, acting on a separable Hilbert space H, with pure point
spectrum so that:
1. its sequence of eigenvalues {σn} converges to σ0 and satisfies
lim
n→∞
nα(σn − σ0) = L 6= 0;
4
2. (σn+1 − σn) vanishes monotonically;
then, there exists a generic set R of vectors in H so that, for each |φ〉 ∈ R and each 0 < q < 1,
D−µ|φ〉(q) = 0 and D
+
µ|φ〉(q) =
1
1 + α
,
where µ|φ〉 denotes the spectral measure of T associated with |φ〉. We borrow examples from the
literature: given 0 < β < 1, let α = 1−ββ . Then, by Theorem 2 in [22], there exists a continuous
one-dimensional Schro¨dinger operator
HV β := −
d2
dx2
+ V β
acting in an appropriate domain in L2[0,∞) so that {1/jα}∞j=1 are the eigenvalues ofHV β in [0,∞),
where V β is a real-valued multiplication (potential) operator; denote by H˙β the closed subspace
generated by the corresponding eigenfunctions. In this case, we conclude that there exists a generic
set Rβ in H˙β so that, for each |φ〉 ∈ Rβ and each 0 < q < 1,
D−µ|φ〉(q) = 0 and D
+
µ|φ〉(q) = β.
Remark 1.2. Recently, the present authors have shown in [2] that for systems with thick point
spectrum, Baire generally, each initial state has 0-lower and 1-upper generalized fractal dimensions,
0 < q < 1. Here, we are in a different setting. Namely, in this paper, we show (in sense of the
Remark 1.1) explicitly that, Baire generally, the exact values of the dimensions depend only on
elementary properties of the eigenvalues of the H-atom operator.
Remark 1.3. There are indications [11] that spectral structures similar to the one presented in the
H-atom occur for all atoms in the Periodic Table; if this is actually the case, then alike conclusions
of Theorem 1.1 could be drawn for other atoms as well.
In Section 2 some dynamical consequences of the positive fractal dimensions of some bound
states will be discussed; this is a subtle subject that gives a flavor that the dynamics of such states
(weakly) resemble the dynamics of unbound states. Finally, in Section 3 the proof of Theorem 1.1
is presented. The ingredients of the proof are: some robust arguments developed in [2], combined
with a fine analysis of generalized fractal dimensions of pure point measures of the H-atom (Propo-
sition 3.1).
2 Orthonormal basis moments
In order to probe dynamical (de)localization associated with an initial condition |ψ〉 with respect
to a general orthonormal basisB = {|k〉} of H˙, one may quantify the “travel to large dimensions k”
by considering the time evolution of the p-moments of |ψ〉, p > 0, that is,
r
|ψ〉
p,B(t) :=
(∑
k
|k|p W|k〉,|ψ〉(t)
) 1
p
,
where
W|k〉,|ψ〉(t) :=
1
t
t∫
0
|〈k | ψ(s)〉|2 ds
5
denotes the time average probability of the particle (electron) in the state |ψ〉 to be found in the
basis vector |k〉 at time t. If one thinks of a polynomial growth r
|ψ〉
p,B(t) ∼ t
β(p), the lower and
upper p-moment growth exponents are then naturally introduced, respectively, by
β−|ψ〉(p,B) := lim inft→∞
ln r
|ψ〉
p,B(t)
ln t
, β+|ψ〉(p,B) := lim sup
t→∞
ln r
|ψ〉
p,B(t)
ln t
.
Finally, one says that the state |ψ〉 is weakly dynamical delocalized with respect to the basis B if,
for some p > 0,
β+|ψ〉(p,B) > 0
(and so, β+|ψ〉(p
′,B) > 0 for each p′ > p). The term weakly is due to the possibility of β−|ψ〉(p,B) = 0,
for all p > 0, and also because if β+|ψ〉(p,B) > 0, the interpretation is that
r
|ψ〉
p,B(tj) ∼ t
β+
|ψ〉
(p,B)
j
for a sequence of instants of time tj → ∞. Furthermore, for large tj , one concludes that the time
average projections |〈k|ψ(t)〉|2 are relevant for large values of k, and so the dynamics resembles
that of the unbounded states, since the initial state |ψ〉 “scapes” any finitely generated subspace of
H˙ as tj →∞ (it is a kind of dynamical instability, and for the continuous subspace of the H-atom
it follows by Riemann-Lebesgue Lemma; see Theorem 13.3.7 in [10]).
Now we may combine Theorem 1.1 with an important relation due to Barbaroux, Germinet and
Tcheremchantsev [4], independently obtained by Guarneri and Schultz-Baldes [17], which holds for
all orthonormal basis and all p > 0, namely
β+|ψ〉(p,B) ≥ D
+
µ|ψ〉
(
1
1 + p
)
,
in order to obtain the following result.
Theorem 2.1. There exists a generic set R of initial conditions in H˙ so that, for each |ψ〉 ∈ R,
each orthonormal basis B and each p > 0,
β+|ψ〉(p,B) ≥
1
3
.
In particular, weak dynamical delocalization occurs for initial conditions in a generic set, and with
respect to all orthonormal basis.
Remark 2.1.
1. Note that in the inequality presented in Theorem 2.1, the lower bound is independent of the
basis B and β+|ψ〉(p,B) =∞ may occur; this is the case if r
|ψ〉
p,B(t) =∞ for all t. It is not an
easy task to control the time dependence of the moments.
2. If the initial condition is |ψ〉 = |n, l,m〉 (i.e., an orbital), then |ψ(s)〉 = e−isλn |ψ〉, and
so W|k〉,|ψ〉(t) is constant in time for all k. Hence, r
|ψ〉
p,B(t) is also constant, which may be
finitely or infinitely valued. If it is finitely valued, then β+|ψ〉(p,B) = 0 for each p > 0 and
each |n, l,m〉 /∈ R.
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3. If the basis is given by the orbitals, that is, if B′ = {|n, l,m〉}, then since for each bound
state |ψ〉 and each s, one has
|〈n, l,m|ψ(s)〉| = |〈n, l,m|e−isH˙ψ〉|
= |〈eisH˙(n, l,m)|ψ〉| = |〈eisλn (n, l,m)|ψ〉| = |〈n, l,m|ψ〉| ,
it follows that W|n,l,m〉,|ψ〉(t) is also constant in time for all n, l,m. Hence, B
′ is not an
interesting basis here.
4. By suitable adaptations of results in [13], given a smooth function with compact support
f ∈ C∞0 (R), for each f(H˙)|ψ〉 and each p > 0, one has 0 ≤ β
+
f(H˙)|ψ〉
(p,B) ≤ 1, as soon as the
normalized vector |ψ〉/‖|ψ〉‖ is an element of B; such bases are actually interesting in this
setting.
Remark 2.2. With respect to the dimensions and dynamical consequences presented above, it
was not without surprise the discovery that there were basic theoretical properties of the Hydrogen
atom Hamiltonian not yet explored in the literature. It is natural to wonder why such properties
were not noticed in the literature so far. We see two reasons; first, the vectors generated by a finite
set of H-atom eigenfunctions are excluded from the generic set for which our results hold true
(without mentioning the specific forms of the coefficients an; see the proofs in Section 3); second,
from the dynamical point of view, the “instability” is presumed to occur only for a subsequence of
times. We expect that this work could stimulate experimentalists to check our findings.
Remark 2.3. To put our work into perspective, we note that establishing bounds on the exponents
β∓ψ (p,B) in purely spectral terms (that is, without making reference to a specific form of a self-
adjoint operator T ) is an important problem, that has attracted significant interest (see [1, 4, 5,
6, 7, 9, 15, 16, 17, 19, 23]). In this context, we emphasize that the lower bounds in Theorem 2.1
only depend on the form of the Hydrogen atom eigenvalues (see also Remark 1.1).
3 Proof of Theorem 1.1
Some preparation is required in order to present the proof of Theorem 1.1. A crucial point in
the proof is that besides the monotonic sequence of eigenvalues, (λn), the sequence of distances
between consecutive eigenvalues, (λn+1 − λn), is also monotonic and it vanishes.
In the proof of Proposition 3.1, we will properly bound 1/ǫ
∫
µ|ψ〉(B(x, ǫ))
q dx from above. In
order to do that, we combine a particular partition of the support of µ|ψ〉 with the distribution of
the eigenvalues of the H-atom operator.
Remark 3.1. Let (cn)n∈N be a nonnegative sequence of real numbers such that
∑∞
n=1 cn = 1.
Then, for each 0 < r < 1 and each N ∈ N,
N∑
n=1
(cn)
r ≤
N∑
n=1
1
nr
.
Namely, since 0 < r < 1, by Jensen’s inequality,
N∑
n=1
(cn)
r ≤ N1−r
( N∑
n=1
cn
)r
≤ N1−r ≤
N∑
n=1
1
nr
.
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Proposition 3.1. Let 0 6= |ψ〉 ∈ H˙. Then, for each 0 < q < 1,
D+µ|ψ〉(q) ≤
1
3
.
Proof. We will assume, without loss of generality, that ‖|ψ〉‖ = 1 (so,
∑∞
n=1 µ|ψ〉({λn}) = 1). Recall
that λn = −Λ/n
2, n ∈ N, denote the (finitely degenerated) eigenvalues of H˙ . Since
lim
n→∞
n3(λn+1 − λn) = 2Λ,
there exists C > 0 such that, for each n ∈ N,
(λn+1 − λn) >
C
n3
. (1)
Fix 0 < r < q < 1. For each ǫ > 0, let Nǫ := [(C/ǫ)
1/3] be the integer part of (C/ǫ)1/3, and
note that
1
ǫ
∫
µ|ψ〉(B(x, ǫ))
r dx =
1
ǫ
∫
(−(Λ+ǫ),−Λ)
µ|ψ〉(B(x, ǫ))
r dx+
1
ǫ
∫
[−Λ,λNǫ )
µ|ψ〉(B(x, ǫ))
r dx
+
1
ǫ
∫
[λNǫ ,0)
µ|ψ〉(B(x, ǫ))
r dx+
1
ǫ
∫
[0,ǫ)
µ|ψ〉(B(x, ǫ))
r dx.
By using that µ|ψ〉(B(x, ǫ)) ≤ 1 in the first and fourth integrals, one obtains
1
ǫ
∫
µ|ψ〉(B(x, ǫ))
r dx ≤
1
ǫ
∫
[−Λ,λNǫ )
µ|ψ〉(B(x, ǫ))
r dx+
1
ǫ
∫
[λNǫ ,0)
µ|ψ〉(B(x, ǫ))
r dx+ 2. (2)
We will separately estimate both integrals on the right side of (2). We remark that Nǫ was
chosen so that (λNǫ+1 − λNǫ) > ǫ. In what follows, Cr and CΛ always represent constants that
depend only on r and Λ, respectively. We also note that the values of Cr and CΛ may change from
one estimate to another.
Since lim
n→∞
(λn+1 − λn) = 0 monotonically and, by (1), (λNǫ+1 − λNǫ) > ǫ, it follows that for
each 2 ≤ n ≤ Nǫ − 1,
max
x∈B(λn,ǫ)
µ|ψ〉(B(x, ǫ))
r ≤ µ|ψ〉(B(λn, 2ǫ))
r ≤ (µ|ψ〉({λn−1}) + µ|ψ〉({λn}) + µ|ψ〉({λn+1}))
r
≤ 3rmax{µ|ψ〉({λn−1})
r, µ|ψ〉({λn})
r, µ|ψ〉({λn+1})
r}
≤ 3r
[
µ|ψ〉({λn−1})
r + µ|ψ〉({λn})
r + µ|ψ〉({λn+1})
r
]
.
Thus, by Remark 3.1,
1
ǫ
Nǫ−1∑
n=1
∫
B(λn,ǫ)
µ|ψ〉(B(x, ǫ))
r dx ≤ 2
[
µ|ψ〉({Λ}) + µ|ψ〉({λ2})
]
+ Cr
Nǫ∑
n=1
µ|ψ〉({λn})
r
≤ CΛ + Cr
Nǫ∑
n=1
1
nr
. (3)
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Now, for each x ∈ [−Λ, λNǫ),
x 6∈
Nǫ⋃
n=1
B(λn, ǫ) ⇐⇒ |x− λn| ≥ ǫ, for 1 ≤ n ≤ Nǫ
⇐⇒ λn 6∈ B(x, ǫ), for 1 ≤ n ≤ Nǫ
⇐⇒ µ|ψ〉(B(x, ǫ)) = 0. (4)
Thus, by combining (3) and (4), one has,
1
ǫ
∫
[−Λ,λNǫ )
µ|ψ〉(B(x, ǫ))
r dx ≤
1
ǫ
Nǫ−1∑
n=1
∫
B(λn,ǫ)
µ|ψ〉(B(x, ǫ))
r dx+
1
ǫ
∫
[λNǫ−1,λNǫ )
µ|ψ〉(B(x, ǫ))
r dx
≤ CΛ + Cr
Nǫ∑
n=1
1
nr
+
1
ǫ
|λNǫ − λNǫ−1|
≤ CΛ + Cr
Nǫ∫
1
1
xr
dx
≤ (CΛ + Cr)
N1−rǫ − 1
1− r
≤ (CΛ + Cr)
ǫ
r−1
3 − 1
1− r
. (5)
Since lim
n→∞
n3(λn+1 − λn) = 2Λ, it follows that, for sufficiently small ǫ,
1
ǫ
∫
[λNǫ ,0)
µ|ψ〉(B(x, ǫ))
r dx =
1
ǫ
∞∑
n=Nǫ
∫
[λn,λn+1)
µ|ψ〉(B(x, ǫ))
r dx
≤
1
ǫ
∞∑
n=Nǫ
|λn+1 − λn|
≤ CΛ
1
ǫ
∞∑
n=Nǫ
1
n3
≤ CΛ
1
ǫ
∞∫
Nǫ−1
1
x3
dx
≤ CΛ
1
ǫ
1
(Nǫ − 1)2
≤ CΛ ǫ
− 13
= CΛ ǫ
r−1
3(1−r) . (6)
By combining (2), (5) and (6), one obtains, for sufficiently small ǫ,
Lµ|ψ〉(r, ǫ) :=
1
ǫ
∫
µ|ψ〉(B(x, ǫ))
r dx ≤ (CΛ + Cr) ǫ
r−1
3(1−r) =: Z(Λ, r, ǫ).
Hence,
D+µ|ψ〉(r) = lim sup
ǫ↓0
ln Lµ|ψ〉(r, ǫ)
(r − 1) ln ǫ
≤ lim sup
ǫ↓0
ln Z(Λ, r, ǫ)
(r − 1) ln ǫ
=
1
3(1− r)
.
Finally, since r 7→ D+µ (r) is a nonincreasing function (see Subsection 1.2), one has
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D+µ|ψ〉(q) ≤ lim sup
r→0
D+µ|ψ〉(r) ≤ lim sup
r→0
1
3(1− r)
=
1
3
,
for all 0 < q < 1.
Proposition 3.2 (Proposition 3.1 in [2]). For every q ∈ (0, 1) and every 0 ≤ γ ≤ 1, each of the
sets
G−γ (q) :=
{
|ψ〉 ∈ H˙ | D−µ|ψ〉(q) ≤ γ
}
and
G+γ (q) :=
{
|ψ〉 ∈ H˙ | D+µ|ψ〉(q) ≥ γ
}
is a Gδ set in H˙.
Proof (Theorem 1.1). Note that in the proof of the lower dimension part, we only use the properties
of separability of H˙ and the fact that the spectrum of H˙ is bounded and pure point.
Fix 0 < q < 1 and pick a sequence of complex numbers bn 6= 0 such that
∑
n
|bn|
2q <∞;
hence,
∑
n |bn|
2 <∞. Consider an arbitrary bound state |ψ〉 =
∑
n,l,m an,l,m|n, l,m〉 ∈ H˙, together
with the following sequences of vectors, for k ∈ N:
|φk〉 =
k−1∑
n=1
∑
l,m
an,l,m|n, l,m〉, |ψk〉 =
k−1∑
n=1
∑
l,m
an,l,m|n, l,m〉+
∞∑
n=k
bn |n, 0, 0〉.
The hypothesis on bn and the identity ‖|ψ〉‖
2 =
∑
n,l,m |an,l,m|
2 result in
lim
k→∞
|φk〉 = |ψ〉, lim
k→∞
(|φk〉 − |ψk〉) = 0,
and so limk→∞ |ψk〉 = |ψ〉; hence, by Proposition 3.2, it is enough to show that D
−
µ|ψk〉
(q) = 0, for
all |ψk〉, to conclude that G
−
0 (q) is generic.
Now, two simple properties (and minor variations) will be used: µ|ψ〉({λn}) =
∑
l,m |an,l,m|
2
and, since 0 < q < 1, one has for all ǫ > 0, µ|ψ〉(B(x, ǫ))
q−1 ≤ µ|ψ〉({λn})
q−1. Hence,
Iµ|ψk〉(q, ǫ) =
∫
µ|ψk〉(B(x, ǫ))
q−1dµ|ψk〉(x)
=
∑
n≥1
µ|ψk〉(B(λn, ǫ))
q−1 µ|ψk〉({λn})
≤
∑
n≥1
µ|ψk〉({λn})
q
=
k−1∑
n=1
µ|ψk〉({λn})
q +
∞∑
n=k
µ|ψk〉({λn})
q
=
k−1∑
n=1
(∑
l,m
|an,l,m|
2
)q
+
∞∑
n=k
|bn|
2q =: S(q, ψk) <∞,
which implies
D−µ|ψk〉
(q) ≤ lim inf
ǫ↓0
lnS(q, ψk)
(1− q) ln ǫ
= 0,
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and so, G−0 (q) is generic. Since a countable intersection of generic sets is also generic, in order to
complete the proof of the first part of the theorem, it is enough to pick R− = ∩jG
−
0 (1/j) as the
generic set of bound states; we have used the fact that q 7→ D−µ (q) is a nonincreasing function.
Now, we proceed to the proof of the upper dimension part, for which the only used ingredients
are: H˙ is separable and H˙ is a bounded pure point operator with finitely degenerated eigenvalues
λn = −Λ/n
2, n ∈ N. Specifically, we will use the following: i) lim
n→∞
(λn+1 − λn) = 0 monotonically
and, ii) since lim
n→∞
n3(λn+1 − λn) = 2Λ, there exists a K > 0 such that, for large n,
K
2n3
≤ λn+1 − λn ≤
K
n3
.
Fix 0 < q < 1 and let j ∈ N be such that j > q1−q . Let also
|ψj〉 :=
∑
n
1√
n1+
1
j
|n, 0, 0〉,
so that |ψj〉 ∈ H˙, and note that its spectral measure is
µ|ψj〉 =
∑
n
1
n1+
1
j
δλn .
For large N , choose
ǫN :=
1
2
(λN+1 − λN ) ≥
K
4N3
=⇒ N ≥
(
K
4ǫN
) 1
3
;
the monotonicity of the sequence (λn+1 − λn) implies that µ|ψj〉(λn − ǫN , λn + ǫN) = µ|ψj〉({λn}),
for 1 ≤ n ≤ N . Thus, one has
Iµ|ψj〉(q, ǫN ) =
∫
µ|ψj〉(x− ǫN , x+ ǫN )
q−1 dµ|ψj〉(x) ≥
N∑
n=1
µ|ψj〉({λn})
q
=
N∑
n=1
1
n(1+
1
j
)q
≥
N∫
1
dx
1
x(1+
1
j
)q
=
1
1− (1 + 1j )q
(
N1−(1+
1
j
)q − 1
)
≥
1
1− (1 + 1j )q


(
K
4ǫN
) 1−(1+ 1j )q
3
− 1

 .
Since
D+µ|ψj〉
(q) ≥ lim sup
ǫN↓0
ln Iµ|ψj〉(q, ǫN )
(q − 1) ln ǫN
,
the inequality
D+µ|ψj〉
(q) ≥
1− (1 + 1j )q
3(1− q)
follows.
Let |ψ〉 =
∑
n,l,m an,l,m|n, l,m〉 be a general bound state, and for σ > 0, let
|ψjσ〉 =
∑
n≤M1
∑
l,m
an,l,m |n, l,m〉+
∑
n≥M2
1√
n1+
1
j
|n, 0, 0〉,
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with M1(j) < M2(j) large enough so that
∑
n>M1
|an,l,m|
2 < σ2,
∑
n≥M2
1
n1+
1
j
< σ2.
Then,
µ|ψjσ〉 =
∑
n≤M1
∑
l,m
|an,l,m|
2 δλn +
∑
n≥M2
1
n1+
1
j
δλn ,
and
• ‖|ψ〉 − |ψjσ〉‖
2 < 2σ2,
• D+µ|ψjσ〉
(q) ≥
1−(1+ 1
j
)q
3(1−q) =: γ
j
q .
The first item is a simple verification, and the second one may be reduced to be above calculation
for µ|ψj〉 as follows. Let ǫN be as above, with N > M2; then,
Iµ|ψjσ〉
(q, σN ) ≥
N∑
n=M2
1
n(1+
1
j
)q
,
and the second item follows from the same estimate presented for Iµ|ψj〉(q, σN ). Since this holds
for all σ > 0, it follows that G+
γjq
(q), with
γjq =
1− (1 + 1j )q
3(1− q)
,
is a dense subset of H˙; in particular, by Proposition 3.2,
G+1
3
(q) =
⋂
j> q1−q
G+
γjq
(q)
is generic. Now, just pick R+ = ∩lG
+
1
3
(1− 1/l) and use the fact that q 7→ D+µ (q) is a nonincreasing
function. Thus, the set
R := R− ∩R+ =
{
|ψ〉 ∈ H˙ | D−µ|ψ〉(q) = 0 and D
+
µ|ψ〉(q) ≥ 1/3, ∀ 0 < q < 1
}
is also generic. Since, by Proposition 3.1, D+µ|ψ〉(q) ≤ 1/3 holds true for all nonzero vectors in H˙
and all 0 < q < 1, the result follows.
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